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We propose that interacting quantum Hall bilayers in the presence of a periodic potential at the
scale of the magnetic length can host examples of a Deconfined Metal-Insulator Transition (DMIT),
where a Fermi liquid (FL) metal with a generic electronic Fermi surface evolves into a gapped
insulator (or, an insulator with Goldstone modes) through a continuous quantum phase transition.
The transition can be accessed by tuning a single parameter, and its universal critical properties
can be understood using a controlled framework. At the transition, the two layers are effectively
decoupled, where each layer undergoes a continuous transition from a FL to a generalized composite
Fermi liquid (gCFL). This quantum critical point hosts a sharply defined Fermi surface without
long-lived electronic quasiparticles. Immediately across the transition, the two layers of gCFL are
unstable to forming an insulating phase. We discuss the topological properties of the insulator and
various observable signatures associated with the DMIT.
Introduction. Understanding quantum criticality in
metallic systems remains one of the outstanding chal-
lenges in the study of quantum matter. Critical theo-
ries for continuous metal-insulator transitions, involv-
ing the disappearance of an entire electronic Fermi
surface (FS), have been formulated when the insulat-
ing phase is a quantum spin liquid with a FS of neu-
tral excitations coupled to emergent gauge fields [1, 2].
One of the most challenging and unsolved problems
in the field is to describe a continuous metal-insulator
transition where the insulator has no remnant FS of
any (neutral) excitations, which we dub a “Deconfined
Metal-Insulator Transition” (DMIT), or a Deconfined
Mott Transition in the terminology of Ref. [3]. Such
a transition necessarily falls outside the purview of the
conventional Landau-Ginzburg paradigm, even though
the phases on either side of the transition can be con-
ventional.
There are indirect signatures of continuous transi-
tions between distinct metallic phases in numerous ex-
perimental systems (often parent states of unconven-
tional superconductors) [4–6], that cannot be described
using the conventional framework of coupling an order-
parameter field to an electronic FS. In a recent paper
[3], we have presented a U(2) gauge-theoretic approach
to study such transitions, where we suggest that under-
standing the phenomenon of DMIT can shed new light
on the nature of some of these transitions. In this work,
inspired by the recent experimental advances in real-
izing quantum Hall (QH) physics in the presence of a
periodic potential at the scale of the magnetic length
(e.g., in moire´ heterostructures) [7–10], we theoreti-
cally study a simpler setting for DMIT.
Preliminaries. Consider a QH bilayer system in the
presence of a periodic potential in each layer separated
by a distance, d (Fig. 1 a); we refer to the setup as a
“Chern bilayer” from now onwards. To be concrete,
we fix a unit flux-quantum threading through each
unit cell (UC) of the periodic potential and on aver-
age ν = C/(C + 1) spinless electrons per UC in each
layer (C ∈ integer; C 6= 0,−1). We will mostly focus
on C > 0, but the phenomenology will be similar when
C < 0. We are interested in the situation where the
electrons interact via a repulsive two-body long-range
interaction V (r) ∼ 1/r1+, with r their separation.
The case with  = 0 corresponds to Coulomb repul-
sion. We focus on 0 <  < 1 for most of our discussion,
and comment on the cases of  = 0 and  > 1 at the
end. We further assume that the particle number in
each layer is conserved, and the system is symmetric
upon exchanging the two layers.
The above setting is described by the following
model,
H = H0 +Hint, (1a)
H0 =
∑
`
∫
r
c†`r
[
(−i∇−Abg)2
2m
+ U(r)− µ
]
c`r, (1b)
Hint =
1
2
∑
``′
∫
r
∫
r′
V``′(r − r′)n`rn`′r′ , where (1c)
V``′(r) =
V0
[r2 + (1− δ``′) d2](1+)/2
. (1d)
The operator c`r annihilates a spinless electron in layer
` (= 1, 2) at position r, the local electron density is
denoted n`r ≡ c†`rc`r, U(r) represents a periodic po-
tential whose precise shape we leave unspecified, and
V``′(r) is the long-range potential.
1 When U(r) = 0,
the background magnetic field, B = ∇×Abg, leads to
Landau levels (LL). For U(r) 6= 0, the LL split and
develop a finite bandwidth, W . The chemical poten-
tial, µ, sets the electron density to be ν = C/(C + 1)
per UC in each layer. For W  V0, this model clearly
1 The long-distance behavior of V``′ (r) is required to take the
form in Eq. (1d), while its short-distance behavior can be
properly regularized (e.g., as in Ref. [11]).
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2hosts a Fermi liquid (FL). What is the fate of the FL
when W/V0 decreases? As we discuss below, for the bi-
layer there can be a continuous transition from a FL to
an insulating phase when W/V0 decreases (which can
be accessed, e.g. by tuning the strength of the peri-
odic potential [12]), thereby providing an example of a
DMIT. On the other hand, for a single layer, there can
be a continuous transition from a FL to a generalized
composite Fermi liquid (gCFL) as W/V0 decreases [13].
Note that models similar to the above can be defined
on a discrete lattice by implementing the magnetic field
via Peierls’ substitution.
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FIG. 1. (a) Schematic illustration of our proposed bilayer
quantum Hall setup in an external B field and a periodic
potential. The layers are separated by a distance d and
have the same filling, ν. Phase diagram as a function of
W/V0 for (b) the single layer (or equivalently, two fully
decoupled layers), and, (c) the bilayer. The FL-insulator
(INS) transition is an example of a DMIT.
To understand these transitions, consider the prob-
lem with a single layer first. When C = 1, the pos-
sibility of a continuous FL-CFL transition in a single
layer has been suggested in Ref. [14]. Building on this
idea and the recent impressive results of Ref. [11] on
transitions between distinct fractional Chern insula-
tors, we can describe a continuous FL-gCFL transi-
tion at a generic electron density ν = C/(C + 1) for
C ∈ integer (Fig. 1b); the universal low-energy prop-
erties can be understood in a controlled manner when
C  1. For the bilayer (Fig. 1a) coupled via interac-
tions given by Eq. (1d), we show that the correspond-
ing gCFL phase is unstable to an insulator without FS
of any excitations [15–18]. Moreover, when C  1,
we will show that the couplings between the two layers
are renormalization-group (RG) irrelevant at the FL-
gCFL transition. Therefore, our Chern bilayer hosts
an example of a DMIT, where each layer undergoes a
FL-gCFL transition (the latter being unstable to an
insulator), while the critical point hosts a non-Fermi
liquid (nFL) with a sharply defined critical Fermi sur-
face [19].
In order to gain more insight into the possible phases
and phase transitions hosted by the Chern bilayer, we
express the electronic operators in terms of partons as:
c` = b`f` (with ` = 1, 2), where b` and f` are bosonic
and fermionic partons, respectively. We supplement
the above with a constraint [20], nb` = nf` = ν, with
ν defined as earlier. As is well known, the low-energy
theory for this parton construction can be written in
terms of the partons coupled to an emergent dynam-
ical U(1) gauge field, a`. We let b` carry the global
conserved U(1) charge associated with the `-th layer,
such that the schematic Lagrangian takes the form:
L` = L[b`,A`−a`] + L[f`,a`] + · · · , (2)
where A` is the corresponding probe gauge field in the
`-th layer. In the rest of the paper we will take L` to
yield no net flux for a` and to describe a FS of f` at the
mean-field level; we tune L[b`,A`−a`] to drive the phase
transition.
Single-layer physics. Consider a transition between
a superfluid and a QH state for b`, with the critical
theory given by [11, 18, 21]
L[b`,A`−a`] =
1
4pi
(A` − α` − a`) d(A` − α` − a`) + CSg
+
C − 1
8pi
α` dα` +
(C − 1)CSg
2
+
C+1∑
i=1
ψ`i(i /Dα` −m)ψ`i,
(3)
where a da ≡ µνλaµ∂νaλ, CSg is a gravitational
Chern-Simons (CS) term [22], and /Dα` is the covariant
derivative with respect to a new emergent gauge field,
α`. In this theory, b
†
` is the monopole of α` and the
density fluctuations of b` correspond to the flux of α`;
the transition is then driven by tuning the mass, m, of
(C + 1) flavors of emergent Dirac fermions, ψ`i.
2
What are the different phases that the theory given
by Eqs. (2) and (3) can describe by varying m? When
m < 0, integrating ψ`i out removes the CS term of
α` and the resulting state is a condensate of b`, as is
evident from the Dasgupta-Halperin duality [23]. In
terms of the original c`, this is just the FL phase when
f` forms a FS. On the other hand, when m > 0, inte-
grating ψ`i out leads to
L[b`,A`−a`] =
C + 1
4pi
α` dα` +
1
2pi
(a` −A`) dα`
+
1
4pi
(a` −A`) d(a` −A`) + (C + 1)CSg,
(4)
2 In terms of a more conventional “flux-attachment” picture, the
first term in Eq. (3) attaches one flux quantum to each boson
b` and converts it into a fermion, ψ`, which thereby sees a net
flux of 1−ν = 1
C+1
per UC. The phase transition corresponds
to one where the Chern number of ψ` changes from −1 to
C, which is captured [11] by the last three terms in Eq. (3).
An alternative derivation for Eq. (3) can be established by
rewriting b` = ψ`1ψ`2 with the constraint nb` = nψ`1 = nψ`2 ;
see [18] for additional details.
3which is a QH state of b`. When f` forms a FS, the
resulting state of the original c` is a gCFL [18]. In-
deed, upon further integrating out the gapped α`, the
effective theory reduces to
L` =L[f`,a`] +
ν
4pi
(a` −A`) d(a` −A`). (5)
When C = 1, this is precisely the effective theory of the
familiar CFL at ν = 1/2, which hosts a nFL of f` [13].
When C ∈ integers (6= 0,±1), the qualitative picture
for the universal physics associated with f` remains the
same (e.g., the system is compressible [18]), and hence
we dub these states as gCFL.
Next we turn to the critical point of Eq. (3), and
ignore its coupling to the (f`, a`)-sector. An important
observation is that the magnetic translation symmetry
forbids a number of potentially relevant perturbations
at this critical point, such that the transition can be
accessed by tuning a single parameter [11]. When C 
1, this theory can be studied in a controlled manner,
and it flows in the IR to a conformal field theory (CFT)
[24].
Note that the long-range interaction V (r) is not in-
cluded above, which takes the form (in the Coulomb
gauge with ∇ ·α` = 0),∫
ω,k
k1+α`t(−k,−ω)α`t(k, ω), (6)
with α`t the transverse spatial component of α` [13].
When  > 0, this interaction is irrelevant compared to
the CS term of α`, so it can be ignored at the critical
point. In passing, we note that a Maxwell term for α`
is invariably generated due to local interactions, which
is less (equally or more) relevant than Eq. (6) if  < 1
( > 1). Therefore, when  > 1, we can ignore this
interaction and consider only local interactions as far
as universal critical physics is concerned.
Finally, we need to combine the b`-sector and the
(f`, a`)-sector, which are coupled via operators of the
form Ob`O(f`,a`), where Ob` and O(f`,a`) are gauge in-
variant operators from the two sectors, respectively.
Naively, as long as the scaling dimensions of these op-
erators are large enough, such couplings are RG ir-
relevant and the two sectors are effectively decoupled.
Indeed, as pointed out in Ref. [2], when the scaling
dimensions of all gauge invariant operators in the b`-
sector are larger than 3/2, the criticality of b` is un-
affected by the presence of the (f`, a`)-sector. When
C  1, this condition is satisfied for the CFT corre-
sponding to Eq. (3) [24]. However, the presence of
the critical b`-sector has a significant influence on the
dynamics of the (f`, a`)-sector. In particular, integrat-
ing out b` at the critical point generates the following
effective action for a`:
δSa` = σb
∫
ω,k
√
ω2 + k2 |a`t(k, ω)|2, (7)
with σb a universal constant determined by the CFT
corresponding to Eq. (3), a`t the transverse spatial
component of a`, and the boson velocity is set to unity.
As a result of Landau-damping due to coupling to the
FS of f`, the effective action for a`t has an additional
contribution,
∫
ω,k
|ω|
k |a`t(k, ω)|2, leading to a dynami-
cal exponent za = 2. As a result, at the critical point,
the f` are endowed with a marginal FL-like self-energy
and have a sharp critical FS.
Bilayer metal-insulator transition. When the two
layers with separately conserved densities and a layer-
exchange symmetry are coupled through the interac-
tion in Eq. (1d), we obtain two identical, effectively
decoupled FL at large W/V0. What is the fate of the
system as W/V0 decreases?
A useful starting point is to consider the limit where
the two layers are completely decoupled so that each
of them can be described as above, and then study
the effect of interlayer couplings as we tune through
the individual single-layer FL-gCFL transition. This
scenario can be physically realized when d is large.
We begin by introducing a± ≡ (a1 ± a2)/2, where
the layer exchange symmetry forbids a direct coupling
between a+ and a−. As argued in Refs. [3, 15–17, 25],
a+ tends to suppress pairing of the FS while a− favors
interlayer pairing, such that their competition deter-
mines the stability of the FS. When b` is gapped, Eq.
(5) indicates that the density fluctuation of f` is re-
lated to the flux of a`, so the interaction in Eq. (1d)
becomes an interaction between flux of a±. Notice that
a+ couples to the total density of f1 and f2, while a−
couples to the density difference between f1 and f2.
So the flux of a+ experiences the long-range potential,
while the interaction between the flux of a− is effec-
tively short-ranged. As a result, the coupling between
a− and the fermions is more relevant and the FS is un-
stable to interlayer pairing [18]. This implies that two
layers of gCFL are unstable to forming an insulating
phase and we discuss its topological character shortly.
At the critical point, we should instead use the effec-
tive action in Eq. (7) to describe the gauge fields and
determine the stability of the FS. Rewriting∑
`
δSa` =
∫
ω,k
[ |a+t(k, ω)|2
2g+
+
|a−t(k, ω)|2
2g−
]
, (8)
with a±t the transverse spatial component of a±, we
can identify the gauge couplings g+ = g− = 1/(4σb).
When za = 2, the FS is perturbatively stable if g+ >
g− [3]. Therefore, interlayer pairing is (dangerously)
irrelevant at this transition.
Can other interlayer couplings alter the critical prop-
erties? First, just as in the case of the monolayer,
the interlayer long-range interaction is irrelevant at the
critical point if  > 0. In addition, there are a number
of local interactions that all turn out to be irrelevant
4[18, 25]. For example, there can be a coupling of the
formOb1O′b2 , whereO andO′ are gauge invariant oper-
ators in the b1- and b2-sector, respectively. Clearly this
coupling is irrelevant if the scaling dimensions of O and
O′ are larger than 3/2. In fact, a sufficient condition
for the layer decoupling is that all gauge invariant op-
erators of the b`-sector have a scaling dimension larger
than 3/2 [18], a condition satisfied when C  1 [24].
We have thus reached the remarkable conclusion that
the above bilayer setup can exhibit a DMIT, where
the critical point has two effectively decoupled, sharp
critical FS.
Topological properties of the insulating phase. The
effective theory for the insulating phase in the bilayer
setting is given by
∑
` L` in Eq. (2), with L[b`,A`−a`]
given by Eq. (4), and L[f,a] the effective Lagrangian for
the interlayer-paired state of the fermions. Our goal is
to describe Eq. (2) via the K-matrix formalism [20].
Since α` in Eq. (4) is coupled to a fermion, to apply
the standard K-matrix formalism, we introduce C + 1
gauge fields, βi` (i = 1, 2, · · · , C + 1) for the `-th layer,
which are coupled to bosons. In terms of these new
gauge fields, L[b`,A`−a`] is equivalent to:
L[b`,A`−a`] = −
1
4pi
C+1∑
i=1
βi` dβ
i
` −
α`
2pi
C+1∑
i=1
dβi`
+
1
2pi
(a` −A`) dα` + 1
4pi
(a` −A`) d(a` −A`).
(9)
Note that integrating out βi`’s above reproduces Eq.
(4). We now integrate out α` and obtain a constraint
C+1∑
i=1
βi` = a` −A`. (10)
Next we turn to L[f,a]. The channel in which inter-
layer pairing occurs depends on non-universal details
[15–18]. Suppose it occurs in the channel with index n
in Kitaev’s 8-fold way [26]. 3 The topological nature
of the paired state depends on n, which can be de-
scribed with the introduction of low-energy emergent
gauge fields in addition to a [26]. Naturally, it is impor-
tant to understand how these new gauge fields couple
to a±.
A convenient way to proceed is to separate the
charges under a+ and a− by performing a parton de-
composition of f` ≡ φd`, where φ is a boson such that
φ2 is the interlayer pairing amplitude, d` is a fermion,
such that φ and d` are coupled to an emergent Z2 gauge
3 Since our interlayer pairing is between two independently con-
served species of fermions, only the Abelian 8-fold way of clas-
sification is relevant here among the full 16-fold way classifi-
cation of Kitaev, so we use a convention that our n is half of
Kitaev’s index in Ref. [26].
field. Here φ carries charge 1 under a+ but no charge
under a−, and d1 and d2 carry charge 1 and −1 un-
der a−, respectively, but are neutral under a+. In the
interlayer-paired state of f`, φ is condensed and d` de-
velops interlayer pairing in the same channel as f`. The
condensate of φ can be captured by 1pia+dβ, where β is
a new emergent gauge field and its elementary charge
binds the pi-flux of the Z2 gauge field. This binding is
why the coefficient of a+dβ is 1/pi, not 1/(2pi) [27].
The d`-sector depends on n, and it is most conve-
nient to start with the case n = ±1. It is known that
when the state with n = ±1 is coupled to a dynamical
Z2 gauge field, the resulting state is U(1)±4, captured
by ∓ 44piγdγ, where odd charge of the new emergent
gauge field γ is identified with the pi-flux of the Z2
gauge field [26]. This identification further constrains
that lβ = lγ (mod 2), where l(·) represents the possible
charge that an excitation can carry under the corre-
sponding gauge field. Since d` is coupled to a−, we
need to determine how γ is coupled to a−. The layer
exchange symmetry requires that they are coupled via
1
pia−dγ [16]. Therefore, when n = ±1,
L[f,a] = 1
pi
a+dβ ∓ 4
4pi
γdγ +
1
pi
a−dγ, (11)
with a constraint lβ = lγ (mod 2). To apply the stan-
dard K-matrix formalism, we can eliminate this con-
straint by introducing β˜ ≡ β + γ and γ˜ ≡ β − γ.
The charges of β˜ and γ˜ can independently take any
integer. Denote the Hall conductivity in response to
A± ≡ (A1 ± A2)/2 by σ±xy. Combining Eq. (11) with
Eq. (4) yields σ+xy = 2ν and σ
−
xy = ± 2ν2ν±1 for n = ±1.
To fully understand the topological order, we write
down the final K-matrix theory for n = ±1 in terms of
a˜ ≡ (β11 , β21 , · · · , βC+11 , β12 , β22 , · · · , βC+12 , β˜, γ˜)T :
L = KIJ
4pi
a˜Ida˜J +
t1I
2pi
A1da˜I +
t2I
2pi
A2da˜I (12)
with
K =
 K1 0 K20 K1 K3
KT2 K
T
3 K4
 (13)
t1 = (0, 0, · · · , 1, 0)T and t2 = (0, 0, · · · , , 1)T . Here K1
is a (C + 1)× (C + 1) matrix whose diagonal elements
vanish while all other entries are 1, K2 (K3) is a (C +
1)×2 matrix whose entries in the first (second) column
are all 1 while all other entries vanish, and
K4 =
( ∓1 ±1
±1 ∓1
)
. (14)
As expected, when C = −n = 1, our K-matrix is
equivalent to an exciton condensate [18, 28], consistent
with Ref. [16].
To obtain the K-matrix for states with other n 6=
±1, due to the subtlety in how a− couples to other
5gauge fields, the simplest and systematic approach may
be to apply the trick in Ref. [22] to build up the theory
from that with n = ±1 [18].
Observable signatures. The DMIT can be viewed
as two dynamically decoupled FL-gCFL transitions
(where the gCFL is unstable to an insulator). There-
fore, some of the universal physical properties at both
critical points are similar [11, 14], which include: (i) an
electronic compressibility that vanishes linearly with
temperature at the transition. (ii) A jump of the elec-
trical resistivity (∼ h/e2), (iii) an emergent SU(C + 1)
symmetry where a set of power-law-decaying charge-
density-wave order parameters transform in its ad-
joint representation. One main difference between the
monolayer and bilayer systems appears in the insulat-
ing side of b`, where the bilayer shows interlayer pairing
of f` below certain temperature scale [15–17].
Outlook. In this work, we have primarily focused on
the case of a repulsive two-body interaction, V (r) ∼
1/r1+, with 0 <  < 1, at the DMIT. For the case
of usual Coulomb repulsion ( = 0), the interaction is
marginal at the tree-level with respect to the bosonic
superfluid-QH transition. We leave a detailed study
on the effect of Coulomb interaction on such transitions
for the future [29]. The case with  > 1 may be realized
in ultracold atomic gases [30, 31], and the physics in
this case reduces to that in Ref. [3]. The crossovers at
finite temperature out of the regimes considered here
are expected to be rich and we leave a detailed study of
this phenomenology for future work, along with a study
of the effects of different types of disorder on these
transitions. Finally, it would be interesting to look
for signatures associated with the DMIT by directly
studying the models considered here numerically.
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7Supplementary Material for “Deconfined Metal-Insulator Transitions in Quantum Hall Bilayers”
This Supplementary Material contains additional details on: I. the critical theory of the transition between
the quantum Hall state and superfluid of the bosons, II. a computation of the electronic compressibility in the
generalized composite Fermi liquid (gCFL) phase, III. a discussion of the interlayer pairing instability of two
layers of gCFL, IV. an analysis of the effects of various interlayer couplings at the metal-insulator transition, and,
V. details of deriving the topological properties of the insulating phases.
I. Bosonic quantum Hall - superfluid transition
In the main text we have proposed a flux-attachment based picture for the critical theory Eq. (3). In this
section we provide an alternative interpretation of the same critical theory. In order to describe the QH state of
b` and the associated transition into a superfluid of b`, we introduce two more fermionic partons ψ`1 and ψ`2,
such that b` = ψ`1ψ`2, supplemented with a constraint nψ`1 = nψ`2 = nb` . This parton construction introduces
an SU(2) gauge redundancy, but we will explicitly break it down to U(1) [20]. This means that at low energies
the b`-sector can be described by ψ`1, ψ`2 coupled to another emergent dynamical U(1) gauge field, α`. The
charge assignment for the different partons under all of the gauge fields is summarized in Table I.
b` f` ψ`1 ψ`2
A` 1 0 1 0
a` −1 1 −1 0
α` 0 0 −1 1
TABLE I. Charge assignment of the partons under the different gauge fields.
The theory for the b`-sector can then be written as
L[b`,A`−a`] = L[ψ`1,−α`−a`+A`] + L[ψ`2,α`]. (15)
Consider now a mean field state where a` has no average flux and α` has an average of 1/(C + 1) (≡ 1 − ν)
flux quanta per UC. Using the charge assignment in Table I, this means that, modulo the unit flux quantum per
UC experienced by b` from the external gauge field, f` and b` experience no flux, ψ`1 experiences a total flux of
C/(C + 1) (≡ ν) flux quanta per UC, and ψ`2 experiences 1/(C + 1) of flux quanta per UC. Then with particle
density nc` = nb` = nψ`1 = nψ`2 = C/(C + 1), we can put ψ`1 into a mean field state with Chern number 1, and
tune the parameters of the system so that ψ`2 undergoes a transition from a state with Chern number −1 to a
state with Chern number C [11, 21]. The critical theory of this transition can be described by
L[b`,A`−a`] =
1
4pi
(A` − α` − a`) d(A` − α` − a`) + CSg
+
C − 1
8pi
α` dα` +
(C − 1)CSg
2
+
C+1∑
i=1
ψ`2,i(i /Dα` −m)ψ`2,i,
(16)
where the C + 1 flavors of Dirac fermions ψ`2,i are the low-energy modes of ψ`2. After renaming ψ`2,i → ψ`i, this
is precisely Eq. (3).
In the above effective Lagrangian, the first two terms represent ψ`1 that is in a state with Chern number 1, and
the last three terms represent the state of ψ`2. If m < 0, integrating out ψ`2,i converts the last three terms into
L`2 = − 1
4pi
α` dα` − CSg, (17)
which indeed describes a state of ψ`2 that has Chern number −1. Combining it with the first two terms, we
obtain
L[b`,A`−a`] =
1
4pi
(A` − a`) d(A` − a`)− 1
2pi
(A` − a`) dα`. (18)
Notice the absence of a CS term for α, so this is a superfluid state of b` [23].
8If m > 0, integrating out ψ2 converts the last three terms of Eq. (16) into
L`2 = C
4pi
α` dα` + C · CSg, (19)
which describes a state of ψ`2 that has Chern number C. Combining it with the first two terms in Eq. (16), we
obtain the effective theory of the QH state of b` with σ
(b`)
xy = C/(C + 1):
L[b`,A`−a`] =
C + 1
4pi
α` dα` +
1
2pi
(a` −A`) dα` + 1
4pi
(a` −A`) d(a` −A`) + (C + 1)CSg. (20)
II. Compressibility of the gCFL
In this section we demonstrate that the gCFL is compressible by applying the standard Ioffe-Larkin rule [32],
which relates the physical response functions of the fermions to those of the underlying partons:
Π−1c` = Π
−1
b`
+ Π−1f` , (21)
where Πc` , Πb` and Πf` represent the polarization tensors of c`, b` and f`, respectively.
In the gCFL state, b` is in a QH state and f` forms a Fermi surface. In Coulomb gauge with ∇ · a` = 0, the
gauge field a` only contains its temporal component, a`0, and transverse spatial component, a`t. In the basis
(a`0, a`t),
Πb`(q, ω) =
(
0q
2 qσ
(b)
xy
−qσ(b)xy 0k2
)
, Πf`(q, ω) =
(
κf Π
(f)
xy (q, ω)
−Π(f)xy (q, ω) k0 |ω|q + χdq2
)
, (22)
where k2 ≡ q2 + ω2, σ(b)xy = C/(C + 1), and 0, κf , k0 and χd are non-universal quantities. More precisely, 0
is the dielectric constant of b`, κf is the compressibility of f`, the k0|ω|/q term corresponds to Landau damping
(for ω  vfq), and the χd is the diamagnetic suspectibility.
In order to evaluate the compressibility of c`, we are interested in the limit ω = 0 and q → 0, where Π(f)xy (q →
0, ω = 0) = qσ
(f)
xy . The Hall conductivity of f`, σ
(f)
xy , is generically nonzero due to the absence of time reversal
symmetry. Substituting Eq. (22) into Eq. (21) yields the compressbility of c`:
κc` ≡ Π(00)c` (q → 0, ω = 0) =
(
σ
(b)
xy
)2
· κf (σ(f)xy + κfχd)
κf
[
0(σ
(f)
xy + κfχd) + χd
(
σ
(b)
xy
)2]
+
(
σ
(f)
xy + κfχd + σ
(f)
xy σ
(b)
xy
)2 . (23)
Thus, κc` 6= 0 and the system is compressible as long as b` is in a QH state (with σ(b)xy 6= 0) and f` forms a gapless
Fermi surface (with κf 6= 0).
III. Interlayer pairing instability
Here we generalize the results of Refs. [3, 15–17] to show that two layers of gCFL are unstable towards interlayer
pairing between f1 and f2 in the presence of a long-range interaction potential of the form V (r) = V0/r
1+, if
0 6  < 1.
Similar to Ref. [16], we can write the long-range interaction as
LLR =
∑
`1`2
(∇× a`1t)[ri]
V0
[(1− δ`1`2)d2 + (ri − rj)2]
1+
2
(∇× a`2t)[rj ]
=(∇× a+t)[ri]f+(ri − rj , d)(∇× a+t)[rj ] + (∇× a−t)[ri]f−(ri − rj , d)(∇× a−t)[rj ]
(24)
with
f+(r, d) = 2V0
[
1
r1+
+
1
(d2 + r2)
(1+)/2
]
rd−→ 4V0
r1+
f−(r, d) = 2V0
[
1
r1+
− 1
(d2 + r2)
(1+)/2
]
rd−→ V0(1 + ) d
2
r3+
.
(25)
9As in the main text, a`t represents the transverse spatial component of a`. V0 is the strength of the long-range
interaction, and d is the distance between the two layers. Notice V0 in this section is ν
2/(8pi2) times of the V0 in
the main text.
Transforming to momentum space, in the large-distance limit this interaction contributes “kinetic” terms to
a±:
SLR[a+t] =
∫
ω
∫
k
|k|1+
2g+
|a+t(k, ω)|2, SLR[a−t] =
∫
ω
∫
k
|k|3+
2g−
|a−t(k, ω)|2, (26)
where g+ ∼ 1/V0 and g− ∼ 1/(V0d2(1 + )). Notice that local interactions will automatically generate kinetic
terms for a± of the form
Slocal[a±t] =
∫
ω
∫
k
k2
2g′±
|a±t(k, ω)|2. (27)
At low energies Slocal[a−t] dominates over SLR[a−t] for all  > 0. On the other hand, when 0 6  < 1, at low
energies SLR[a+t] dominates over Slocal[a+t], while the former is equally or less relevant than the latter when  > 1.
Therefore, for the case of primary interest to us, where 0 6  < 1, we will only keep SLR[a+t] and Slocal[a−t] in
the low-energy regime:
S[a+t, a−t] =
∫
ω
∫
k
[ |k|1+
2g+
|a+t(k, ω)|2 + k
2
2g−
|a−t(k, ω)|2
]
. (28)
Notice we have dropped all primes in the effective gauge couplings and simply write them as g±.
The effect between the coupling of the gauge fields and fermions can be captured by the following theory
[3, 33–38]:
S = Sf + S[a+t, a−t], (29)
where Sf is given by Sf =
∫
d2xdτLf , with
Lf =
∑
p=±,`=1,2
f†`p
[
η∂τ + vF
(−ip∂x − ∂2y)] f`p − vF ∑
p=±
λp
[
(a+ + a−)f
†
1pf1p + (a+ − a−)f†2pf2p
]
, (30)
where f`p is the low-energy mode of the fermions in the `th layer, near antipodal patches on the Fermi surface
labeled by p (= ±). We have assumed an inversion symmetry of the lattice.
For the above theory, a+ tends to suppress pairing while a− tends to promote interlayer pairing [3, 15–17, 25].
From the above action we can see that when  < 1, the coupling between a− and the fermions is more RG relevant
than the coupling between a+ and the fermions, so we expect a− will win over a+ in the competition, and the
Fermi surface becomes unstable to interlayer pairing.
To see this more formally, define dimensionless gauge couplings g˜± ≡ g±4pi2ηΛ± as in Ref. [3], where Λ is a cutoff
scale of this effective theory, + =  and − = 1. Denote the dimensionless interlayer 4-fermion interaction by V˜ .
Generalizing the results in Ref. [3], we get the beta functions of these couplings:4
β(g˜+) =
(+
2
− (g˜+ + g˜−)
)
g˜+
β(g˜−) =
(−
2
− (g˜+ + g˜−)
)
g˜−
β(V˜ ) = g˜+ − g˜− − V˜ 2
(31)
The first two equations have a single attractive fixed point at (g˜+, g˜−) = (0, 1/2) when 0 6  < 1. Notice that
g˜+ → 0 under RG agrees with our previous expectation that this coupling is irrelevant. Substituting this result
into the last equation, we see that V˜ flows to −∞, which signals an interlayer pairing. Notice that the precise
channel in which pairing occurs depends on non-universal details [16, 17, 38].
4 We note that the corresponding beta functions in Ref. [16] did not include some of these terms.
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IV. RG irrelevance of interlayer couplings at the metal-insulator quantum critical point
In this section, we provide additional details underlying the effects of a variety of interlayer couplings at the
metal-insulator transition in the QH bilayer by applying the method in Ref. [25]: enumerating all possible
interlayer couplings and analyzing their effects at the critical point. We will see that a sufficient condition for the
layer decoupling is that all gauge invariant operators in the b`-sector have a scaling dimension larger than 3/2,
which is a condition that is satisfied when C  1 [24].
Below we enumerate and analyze some of the most relevant interlayer couplings.
1.
(
Ob1 · f†2f2
)
+ (1 ↔ 2), where the first (second) term is a coupling between a gauge invariant operator in
the b1 (b2)-sector and a fermion bilinear in the f2 (f1)-sector. For our purpose, it is sufficient to focus on
the first term. Let us integrate out f2 and examine the effect of this term on the b1-sector. Due to the first
term, integrating out f2 generates an effective action of the form
∫
ω,k
|Ob1(k, ω)|2 in the critical regime of
b1 with ω ∼ k. Clearly this effective action is irrelevant when the scaling dimension of Ob1 is larger than
3/2, which is satisfied when C  1.
Next we integrate out b1 and examine the effect of this term on the (f2, a2)-sector. This generates an
effective action of the form,∫
ω,k
|ω2 + k2|∆Ob1− 32 |f†2f2(k, ω)|2 ∼
∫
ω,k
|ky|2∆Ob1−3|f†2f2(k, ω)|2, (32)
where ∆Ob1 is the scaling dimension of Ob1 , and we have used the scaling relation ω ∼ kzay ∼ k
za/2
x , with
kx the momentum parallel to the Fermi velocity and ky the momentum perpendicular to the Fermi velocity
[34–37]. The gauge fields contribute [34–37]
∼
∫
ω,k
1
|ky|za−1 |f
†
2f2(k, ω)|2 (33)
So, compared to this gauge-field contribution, the interlayer coupling is irrelevant if ∆Ob1 > 2 − za2 = 1,
where we have used za = 2. This is again satisfied when C  1.
2. (Ob1 · ∇ × a2) + (1 ↔ 2). Since the gauge field is Landau damped, this coupling is irrelevant to the
bosonic sector [2]. On the other hand, integrating out b1 generates an effective action for a2 of the form
k2∆O−1|a2(k, ω)|2, where ∆O is the scaling dimension of O. This term is RG irrelevant compared o Eq. (7)
when ∆O > 1, which is satisfied when C  1. So this coupling is also irrelevant.
3. (∇× a1)(∇× a2). As a result of Eq. (7), this coupling is irrelevant.
4. (f†1f1 ·∇×a2)+(1↔ 2). This coupling has one more derivative compered to the minimal coupling between
a1 and f1, which has a finite density. So this coupling is irrelevant.
V. K-matrix of interlayer paired state in a channel with n 6= ±1
In this section we derive the K-matrix for interlayer paired states in a channel with n 6= 1. In these channels,
it is not immediately obvious how a− should couple with other gauge fields, because the arguments in Ref. [16],
involving the layer exchange symmetry and the zero modes in the vortex cores of these paired states, do not
directly apply here. So the simplest and systematic way to proceed may be to apply the trick in Ref. [22] to build
up the theory for a state with n 6= ±1 from the states with n = ±1. The key observation behind this approach is
that switching on the hybridization between fermions in a stack of states with n = ±1 can produce a state with
any n [26].
For example, for the n = 0 state, we can view it as a n = 1 state together with a n = −1 state, where the
fermions d` in the n = 1 state can hybridize with those in the n = −1 state. Before considering the hybridization
between these d` fermions,
L[d`,a−] = −
4
4pi
γ1dγ1 +
1
pi
a−dγ1 +
4
4pi
γ2dγ2 +
1
pi
a−dγ2 (34)
11
where the first two terms represent the n = 1 state, and the last two terms represent the n = −1 state. Notice
this theory actually has two dynamical Z2 gauge field, where the charge-1 excitation of γ1 is identified with the
pi-flux of one Z2 gauge field, and the charge-1 excitation of γ2 is identified with the pi-flux of the other Z2 gauge
field. The hybridization between the fermions in the n = 1 and n = −1 states confines these two types of pi-flux
together, which can be formally implemented by imposing the constraint lγ1 = lγ2 (mod 2). As a sanity check,
let us introduce γ′1 = γ1 + γ2 and γ
′
2 = γ1 − γ2, whose charges can independently take any integer. In terms
of γ′1 and γ
′
2, the above theory with a− switched off is − 1piγ′1dγ′2, which, as expected, is precisely the standard
K-matrix description of an n = 0 superconductor coupled to a dynamical Z2 gauge field.
Combining φ and d`, we get the effective theory of f`:
L[f,a] = 1
pi
a+dβ − 4
4pi
(γ1dγ1 − γ2dγ2) + 1
pi
a−d(γ1 + γ2) (35)
with a constraint lβ = lγ1 = lγ2 (mod 2). To eliminate this constraint, we can introduce β˜, γ˜1 and γ˜2 as β˜γ˜1
γ˜2
 =
 1 −1 11 1 −1
−1 1 1
 ·
 βγ1
γ2
 . (36)
The charges of β˜, γ˜1 and γ˜2 can independently take all integers.
Combining the effective theory of f` described above and the effective theory of b` described by Eq. (9), we get
the effective theory of c`:
L = KIJ
4pi
a˜Ida˜J +
t1I
2pi
A1da˜I +
t2I
2pi
A2da˜I (37)
where a˜I = (β
1
1 , β
2
1 , · · · , βC+11 , β12 , β22 , · · · , βC+12 , β˜, γ˜1, γ˜2)T , t1 = (0, 0, · · · , 0, 1, 1, 1)T , t2 = (0, 0, · · · , 0,−1)T , and
K =
 K1 0 K20 K1 K3
KT2 K
T
3 K4
 (38)
with K1 a (C + 1)× (C + 1) matrix whose diagonal entries all vanish and other entries are all 1, K2 a (C + 1)× 3
matrix whose all entries are 1, K3 a (C+ 1)× 3 matrix whose first two columns vanish and all entries in the third
column are −1, and
K4 =
 1 0 10 −1 −1
1 −1 0
 . (39)
The K-matrix may be simplified by introducing a new set of gauge field such that a˜I = WIJa
′
J , where W ∈
SL(2,Z). In terms of a′, the new K-matrix is K ′ = WTKW , and the new t1,2 vector is t′1,2 = WT t1,2 [20]. For
example, when C = 1, take
W =

1 0 1 0 0 0 0
0 1 1 0 0 0 0
0 0 1 0 0 0 0
−1 −1 −3 1 1 0 0
−1 −1 −3 0 1 0 0
1 1 1 −1 0 1 −1
0 0 1 1 0 0 1

(40)
We get a simplified K ′ = WTKW = diag(σx,−4,−1, 1,−1, 1) where σx is the standard Pauli matrix. That is,
the resulting state has a U(1)4 topological order.
In passing, we note that for the case with C = 1 and n = −1, take
W =

1 0 0 0 1 0
0 1 0 0 1 0
0 0 1 0 −1 0
0 0 0 1 0 0
0 0 0 0 −1 0
0 0 −1 −1 0 1
 (41)
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we can convert the K-matrix in Eq. (13) into
K ′ = WTKW =

0 1 0 0 0 0
1 0 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 −1 0
0 0 0 −1 −1 0
0 0 0 0 0 1
 (42)
together with t′1 = (0, 0, 0, 0,−1, 0)T and t′2 = (0, 0,−1,−1, 0, 1)T , which represents an exciton condensate where
the U(1) symmetry generated by the difference in the fermion numbers of the two layers is spontaneously broken,
consistent with Ref. [16].
This approach can be similarly applied to obtain the K-matrix description of states for any n, and one only
has to change L[d`,a−] appropriately. For instance, if n = n0 > 0 (n = n0 < 0), one can start with |n0| of n = 1
(n = −1) states and switch on the hybridization among fermions in different n = 1 (n = −1) components [26].
